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Today, the validation of complex structural models – i.e. the assessment of their quality
compared to an experimental reference – remains a major issue. Strictly speaking, the
validation problem consists in comparing the response of the numerical model (whether
deterministic or stochastic) with complete reality. A ﬁrst answer to this problem, using
Lack-Of-Knowledge (LOK) theory, was introduced at LMT-Cachan. This theory is an attempt
to “model the unknown” by taking all the sources of uncertainties, including modeling
errors, into account through the concept of basic LOKs. In this article, we introduce
basic LOKs associated with both the amplitudes and directions of excitations. These basic
LOKs are propagated rigorously throughout the mechanical model in order to determine
intervals (with stochastic bounds) within which lies a given quantity of interest (stress or
displacement). Then, we introduce a strategy for the reduction of lack of knowledge, which
we illustrate through an academic example.
La validation de modèles structuraux complexes – c’est-à-dire la vériﬁcation de leur
qualité vis-à-vis d’une référence expérimentale – demeure un verrou scientiﬁque fort. Le
véritable problème de validation consiste à comparer la réponse du modèle numérique,
qu’il soit déterministe ou pas, avec la réponse de toutes les structures réelles, dans tous
les environnements possible. Un premier élément de réponse à ce problème a été introduit
via la théorie des méconnaissances au LMT-Cachan. Aﬁn de «modéliser l’inconnu», cette
théorie prend en compte toutes les incertitudes, en incluant les erreurs de modèles, à
travers le concept de méconnaissances de base. Dans le cet article, on introduit des
méconnaissances de base sur les excitations (amplitude et direction). Ces méconnaissances
de base sont ensuite propagées à travers le modèle mécanique aﬁn de déterminer des
intervalles dont les bornes sont probabilistes, contenant une quantité d’intérêt (contrainte
ou déplacement). Ensuite une stratégie de réduction des méconnaissances de base par
apport d’information expérimentale est présentée sur un exemple académique.
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1. Introduction
Model validation is becoming quite a popular topic in structural mechanics, even though some people say that a model
can be only invalidated, but never validated. Much has been written on this controversial issue (see [1–5]). On the positive
side, the term “validation” is very often used by engineers to designate a procedure, deﬁned through practical rules and
experiments, which ensures that the structure being designed will perform as expected after it is built.
Many methods have been developed for the validation of structural models using experimental information. In particular,
indirect or parametric methods lead to updated mass, stiffness and damping matrices through changes in the physical
parameters of the model. The associated cost functions can be classiﬁed into three categories: input residuals [6,7], output
residuals [8,9], and the particular residual called the “Constitutive Relation Error (CRE)” [10]. The CRE was also applied to
stochastic model updating in [11].
However, even after the model has been updated, there may remain some uncertainties concerning the structural pa-
rameters.
The challenge is to clear up these uncertainties through the development of practical tools which can be applied to
actual engineering problems. In this article, we introduce Lack-Of-Knowledge (LOK) theory, whose objective is to “model the
unknown” conservatively.
The concept of lack of knowledge, initially introduced in [12] and [13] for stiffness-related sources of error, consists in
globalizing the various sources of errors on the substructure’s level using scalar internal variables (called LOK variables)
deﬁned over intervals whose upper and lower bounds follow probabilistic laws. The pair of stochastic bounds associated
with each substructure is called a basic LOK. From these basic LOKs, one can calculate the effective LOK of a quantity of
interest (e.g. an eigenfrequency, a displacement or a stress) over the whole structure, leading to an interval with stochastic
bounds. This is achieved by propagating the basic LOKs and the associated probabilistic laws rigorously throughout the
mechanical model.
In Section 2, we brieﬂy present the basic LOKs associated with sources of error concerning the stiffness. Then, we
expand the LOK theory in order to take into account, for quasi-static problems, uncertainties concerning the amplitudes and
directions of the applied forces. Finally, we present the approach leading to the effective LOK of a quantity of interest.
In Section 3, the proposed LOK theory is illustrated through an academic example. A cantilever beam is excited at its
free end by a force whose transverse position and direction are uncertain. In order to represent these uncertainties, we
introduce two kinds of basic LOKs: one associated with the direction of the applied force, and the other associated with the
amplitude of the uncertain twisting torque generated by the transverse position of the excitation. By propagating a ﬁrst set
of basic LOKs, we obtain the envelope of the model’s response for two quantities of interest.
Then, in order to validate the LOK model thus deﬁned, we undertake to compare the response envelope with experi-
mental reality. In order to do that, we use simulated experimental data obtained from a ﬁnite element model in which the
random positions and amplitudes of the applied force were modeled by Gaussian laws. A Monte Carlo simulation led to
99%-probability bounds of the two quantities of interest.
A ﬁrst comparison of the responses from the experimental and LOK models shows that the basic LOKs chosen were too
large. In order to update the basic LOKs, we introduce a cost function measuring the difference between the two response
envelopes. By minimizing this cost function, we obtained an optimum set of basic LOKs leading to the perfect agreement of
the two response envelopes.
2. Model validation: the real problem
At the heart of any approach to the actual validation problem in the context of engineering reality is the description of
parameters such as material uncertainties. Probabilistic modeling has become increasingly popular [14]. There are also other
approaches which do not involve probability laws, such as in [15–18].
Here, we present an approach, called Lack-Of-Knowledge (LOK) theory, which attempts to give a pragmatic answer to
the problem of model validation in the context of engineering reality. This could be viewed as an extension of the concept
of safety coeﬃcients [12,19].
2.1. The concept of basic LOKs
Let us consider a family of quasi-identical real structures subjected to a given (but not very well-known) environment.
For the sake of simplicity, we are focusing on static problems. From here on, random variables are denoted X(θ), where θ
belongs to the space of random events.
2.1.1. Basic LOKs of the stiffness
The structure is modeled as an assembly of substructures E (E ∈ E) whose connections can be viewed as special sub-
structures. The corresponding scale is assumed to be consistent with the outputs of interest being sought. We also assume
that an elastic, deterministic ﬁnite element model is suﬃcient to predict the response of the “structure” in the usual
sense.2
The starting point of the LOK theory consists in associating with each substructure E a pair of scalar internal state
variables (m−E ,m
+
E ), called the “basic LOKs”, such that:
−m−E (θ)KE KE(θ) −KE m+E (θ)KE (1)
where KE is the stiffness matrix of the deterministic reference model and KE(θ) is the stiffness matrix of a real structure
belonging to the family being studied.
In this formal expression, the inequalities must be considered to hold for the eigenvalues. The basic LOKs (m+E and m
−
E )
can be set-valued, but usually follow given probability laws. Let us note that a simpler description would consist in replacing
the interval [−m−E (θ);m+E (θ)] by a fuzzy interval depending on only one stochastic variable.
Introducing:
• eE (U ), the elastic energy of substructure E ∈ E calculated with the displacement ﬁeld U of the deterministic reference
model,
• and eE(U , θ), the elastic energy of substructure E ∈ E calculated with the displacement ﬁeld U of a real structure,
we get:(
1−m−E (θ)
)
eE(U ) eE(U , θ)
(
1+m+E (θ)
)
eE(U ) (2)
2.1.2. Basic LOKs of the applied forces
The deﬁnition of the basic LOKs of the applied forces (and, more generally, on the description of the environment) is
similar to that of the basic LOKs about the structural stiffness. Let us consider a force distribution F which can be written
as:
F =
∑
E∈E
F E (3)
where F E is the restriction of F to substructure E at the boundary of E or over the E-domain. Furthermore, let us consider
that:
F E = λE Z E (4)
where λE is the amplitude and Z E is the direction of the load restriction F E , normalized as follows:
Z TE Z E = 1 (5)
In this case, the associated basic LOK is a triplet for each E ∈ E. This triplet is generally stochastic, but can be set-valued:
we introduce two scalar LOKs for the amplitude of the force and one scalar LOK for its direction. This LOK operator mF =
(m−λE (θ),m
+
λE
(θ),mZE (θ)) is deﬁned by:
−m−λE (θ)λE  λE(θ) − λE m+λE (θ)λE ∀E ∈ E (6)[
eE
(
Z E(θ) − Z E
)] 1
2 mZE (θ)2
[
eE(Z E)
] 1
2 ∀E ∈ E (7)
Here, the model of the environment being used is considered to be deterministic. F (θ) characterized by (λE(θ), Z E (θ))E∈E
is the actual applied force distribution, while F =∑(λE Z) is the calculated applied force distribution.
2.2. Effective LOK of an output of interest
Let us ﬁrst introduce the solution x of the equation:
Kx = f (8)
where K is the stiffness matrix and f is the generalized force. Let m be the set of all the basic LOKs associated with the
stiffness terms and the applied forces. It is clear that one can associate with each value of m the stiffnesses and forces
which verify Eqs. (1), (6) and (7). The corresponding sets are Km and Fm , which are parameterized by m.
This approach leads to a new modeling approach for the family of actual structures being studied, in which one deﬁnes
only the envelope of the actual responses. Precisely, the envelope of the actual responses is associated with Eq. (8), where
K(θ) ∈ Km(θ), F (θ) ∈ Fm(θ) (9)
For an output of interest α(θ) (whose ﬁnite element value is α), which can be, for example, a local stress, one can
calculate the effective LOK such that
α−(θ) α(θ) − α α+(θ) (10)3
The output of interest α is a functional of K and f :
α = L(K, f ) (11)
where L is a given operator. The FE value is:
α = L(K, f ) (12)
Consequently, one has:
α+(θ) = sup
K(θ)∈Km(θ)
F (θ)∈Fm(θ)
[
L(K, f ) − α] (13a)
α−(θ) = inf
K(θ)∈Km(θ)
F (θ)∈Fm(θ)
[
L(K, f ) − α] (13b)
If the basic LOKs are small enough, linearization with respect to the deterministic reference model makes the calculation
easy. Let us consider:
α = bT x = (K−1b)T f (14)
One has:
α = (K−1b)T f − f TK−1(K)K−1b (15)
and
α+(θ) =
∑
E∈E
[
1
2
(
m+E (θ) +m−E (θ)
)(〈〈x, x〉〉E) 12 (〈〈xb, xb〉〉E) 12 − 12
(
m+E (θ) −m−E (θ)
)〈〈x, xb〉〉E
+m+λE (θ)xTbE f E +mZE (θ)2
[
eE(xbE )
] 1
2 λE
]
(16a)
α−(θ) =
∑
E∈E
[
−1
2
(
m+E (θ) +m−E (θ)
)(〈〈x, x〉〉E) 12 (〈〈xb, xb〉〉E) 12 − 12
(
m+E (θ) −m−E (θ)
)〈〈x, xb〉〉E
−m−λE (θ)xTbE f E −mZE (θ)2
[
eE(xbE )
] 1
2 λE
]
(16b)
Eqs. (16a) and (16b) will be established in Sections 2.2.1 and 2.2.2 respectively.
We have introduced the displacement ﬁeld xb deﬁned by the relation:
xb = K−1b (17)
Incidentally, x is the solution of the FE problem with (K, f ). The scalar product 〈.,.〉 takes into account the actual stiffness:
〈x, y〉 = xTKy (18a)
〈x, y〉E = xTKE y (18b)
and the second 〈〈.,.〉〉 includes the deterministic FE stiffness:
〈〈x, y〉〉 = xTKy (19a)
〈〈x, y〉〉E = xTKE y (19b)
2.2.1. Detailed discussion of the propagation of LOKs about stiffness properties
Let us consider only LOKs relative to stiffness properties. Eq. (15) can be simpliﬁed to:
α = − f TK−1(K)K−1b = −xT (K)xb (20)
This expression can be viewed as the difference of two scalar products:
α = 〈〈x, xb〉〉 − 〈x, xb〉 =
∑
E∈E
〈〈x, xb〉〉E − 〈x, xb〉E (21)
Since the scalar product 〈x, xb〉E is not an energy, Eq. (2) cannot be used directly to bound α. Therefore, one tries to
express 〈x, xb〉E as a sum of energies. For example, one has the relation:4
〈x, xb〉E = 14
(〈x+ xb, x+ xb〉E − 〈x− xb, x− xb〉E) (22)
which, after bounding 〈x + xb, x + xb〉E and 〈x − xb, x − xb〉E using Eq. (2), can lead to the bounds of 〈x, xb〉E . In order to
obtain the best possible bounds of the quantity of interest, one introduces a scalar E such that:
〈x, xb〉E = 14E
(〈x+ E xb, x+ E xb〉E − 〈x− E xb, x− E xb〉E) (23)
Using Eq. (2) again, one obtains the bounds of the two scalar products 〈x− E xb, x− E xb〉E and 〈x+ E xb, x+ E xb〉E . This
leads to the following bounds of the scalar product 〈x, xb〉E :
〈x, xb〉E  14E
[(
1+m+E (θ)
)〈〈x+ E xb, x+ E xb〉〉E − (1−m−E (θ))〈〈x− E xb, x− E xb〉〉E] (24)
〈x, xb〉E  14E
[(
1−m−E (θ)
)〈〈x+ E xb, x+ E xb〉〉E − (1+m+E (θ))〈〈x− E xb, x− E xb〉〉E] (25)
and ﬁnally to the following bounds of the quantity of interest α:
α− α α+ (26)
with:
α+ =
∑
E∈E
(
m+E (θ) +m−E (θ)
) 〈〈x, x〉〉E + 2E〈〈xb, xb〉〉E
4E
− 1
2
(
m+E (θ) −m−E (θ)
)〈〈x, xb〉〉E (27)
α− =
∑
E∈E
−(m+E (θ) +m−E (θ)) 〈〈x, x〉〉E + 2E 〈〈xb, xb〉〉E4E −
1
2
(
m+E (θ) −m−E (θ)
)〈〈x, xb〉〉E (28)
The set of the optimum scalars E can be obtained by minimizing the gap between α+ and α− . This condition is met
when:
E = εE
√
〈〈x, x〉〉E
〈〈xb, xb〉〉E with εE = ±1 (29)
Then, the gap (α+ − α−), which must remain positive, is given by:
(
α+ − α−)OPT =∑
E∈E
εE
(
m+E (θ) +m−E (θ)
)(〈〈x, x〉〉E) 12 (〈〈xb, xb〉〉E) 12 (30)
In order to ensure that α+ − α−  0, one chooses all the εE to be positive.
Finally, one gets the following expressions of the optimum bounds α+ and α−:
α+OPT =
∑
E∈E
[
1
2
(
m+E (θ) +m−E (θ)
)(〈〈x, x〉〉E) 12 (〈〈xb, xb〉〉E) 12 − 12
(
m+E (θ) −m−E (θ)
)〈〈x, xb〉〉E
]
(31a)
α−OPT =
∑
E∈E
[
−1
2
(
m+E (θ) +m−E (θ)
)(〈〈x, x〉〉E) 12 (〈〈xb, xb〉〉E) 12 − 12
(
m+E (θ) −m−E (θ)
)〈〈x, xb〉〉E
]
(31b)
2.2.2. Detailed discussion of the propagation of LOKs of the applied forces
Now, let us consider LOKs about the amplitudes and directions of the applied forces. Eq. (15) can be simpliﬁed to:
α = (K−1b)T f = xTb (Zλ + λZ) (32)
Using Eq. (6), the bounds of the amplitude dispersion are obvious: for each substructure E ∈ E,
−m−λE (θ)λE xTbE Z E  xTbE Z Eλm+λE (θ)λE xTbE Z E (33)
For the propagation of the LOK of the direction Z E , which is often taken in normalized form such that eE (Z E) = 1,∣∣xTbEλEZ E ∣∣ λE[eE(xbE )] 12 [eE(Z)] 12 (34)
Then, using Eq. (7) which deﬁnes mZE (θ) in the direction Z E for the LOK, we obtain the bounds concerning this LOK:∣∣xT λEZ E ∣∣mZE (θ)2λE[eE(xb )] 12 [eE(Z E)] 12 (35)bE E
5
Fig. 1. The structure being studied. The dimensions of the beam are: length L = 435 mm; width b = 50 mm; thickness h = 5.5 mm.
Table 1
Parameters of the Gaussian probabilistic laws describing the variability of β and δ.
Uncertain quantity Mean Standard deviation
Angle β (◦) 0 5.0
Offset δ (mm) 0 4.2
Fig. 2. The mesh used to simulate the experimental data.
which leads to the following expressions for the bounds α+ and α−:
α+(θ) =
∑
E∈E
[
m+λE (θ)λE x
T
bE
Z E +mZE (θ)2λE
[
eE(xbE )
] 1
2
[
eE(Z E)
] 1
2
]
(36a)
−α−(θ) =
∑
E∈E
[−m−λE (θ)λE xTbE Z E −mZE (θ)2λE[eE(xbE )] 12 [eE(Z E)] 12 ] (36b)
3. Example of propagation and reduction of effective LOKs
3.1. Presentation of the example
The structure being considered is a simple cantilever beam (Fig. 1). An excitation force F is applied at the free end with
two sources of variability:
• an offset from the (O , x) axis by a distance denoted δ;
• the angle β in the (A, y, z) plane between the excitation F and the (A, z) axis.
3.2. Simulated experimental data
Several experiments were simulated using the ﬁnite element method and considering that the probability laws associated
with the direction and position of the excitation F are Gaussian (with the parameters given in Table 1). The mesh used
consisted of plate elements and is shown in Fig. 2. In order to have the same mesh for all the conﬁgurations simulated,
the offset δ of the excitation was not introduced physically, but represented by the same excitation F , centered, plus an
additional torque in the direction x.
Introducing two quantities of interest, namely the displacements along z measured at points M1 and M2 (see Fig. 1), we
used a Monte Carlo simulation to obtain the corresponding probability density functions (Fig. 3).
From the two associated cumulative density functions, we obtained the 99%-probability bounds of the quantities of
interest shown in Table 2. The X%-probability upper bound of a quantity is equal to Y if X% of the random events lead to6
Fig. 3. The two probability density functions associated with the two quantities of interest obtained from a Monte Carlo simulation of the experimental
data.
Table 2
Experimental variability observed for the two quantities of interest (the displacements in direction z measured at points M1 and M2) based on a Monte
Carlo simulation.
Quantity of interest Point M1 Point M2
u−z u+z u−z u+z
99%-probability bounds 4.91027× 10−4 5.11698× 10−4 4.54863× 10−4 4.74214× 10−4
u in % −3.8% +0.3% −3.8% +0.3%
a value less than or equal to Y . The X%-probability lower bound of a quantity is equal to Y if X% of the random events
lead to a value greater than or equal to Y . The absolute displacement u is the difference between the mean value of the
events and the upper or lower 99%-probability bound associated with a quantity of interest. The relative displacement u
in % is equal to the absolute displacement u divided by the mean value of the events.
3.3. Deﬁnition of the basic LOKs
In order to represent the variabilities in the direction and position of the excitation with basic LOKs, we ﬁrst introduce
the model presented in Fig. 4, in which the excitation is centered on the (O , x) axis and the experimental offset is described
by a torque Mx.
The variabilities of the excitation can be represented using two types of basic LOKs:
• a basic LOK concerning the direction of the excitation F ;
• a pair of basic LOKs concerning the amplitude of the torque M .
The deterministic model associated with the basic LOKs represents the case where the offset δ is equal to zero. In this
case, the torque M is also equal to zero, and the introduction of basic LOKs of the amplitude of M is impossible because
it would lead to a deterministic response. Instead, we introduce two opposite, nonzero torques along with two associated
pairs of identical basic LOKs of the amplitude. The magnitude of these torques is set such that the total torque corresponds
to the maximum assumed experimental offset δ, with reasonable basic LOKs of the amplitude (a few %).
3.4. Propagation of the basic LOKs
Table 3 shows the basic LOKs chosen for the model along with the results obtained by propagation of the basic LOKs
throughout the ﬁnite element model:
• 99%-probability bounds of the quantities of interest;
• relative 99%-probability bounds (in %) of the quantities of interest.7
Fig. 4. Equivalent model of the initial problem enabling the introduction of basic LOKs of the excitations.
Table 3
99%-probability bounds obtained after propagation of the basic LOKs: mZ = 0.03 and m−λ =m+λ = 0.03; the associated error is e = 6.5× 10−2.
Quantity of interest Point M1 Point M2
u−z u+z u−z u+z
Bounds 4.86413× 10−4 5.3470× 10−4 4.50692× 10−4 4.95427× 10−4
u in % −4.7% +4.8% −4.7% +4.8%
Table 4
99%-probability bounds obtained after propagation and reduction of the basic LOKs (symmetrical case); the updated LOKs are mZ = 0.02 and m−λ =m+λ =
0.029; the associated error is e = 5.2× 10−2.
Quantity of interest Point M1 Point M2
Bounds u−z u+z u−z u+z
Relative bounds 4.90403× 10−4 5.30486× 10−4 4.54387× 10−4 4.91522× 10−4
u in % −3.9% +4.0% −3.9% +4.0%
Table 3 shows that this ﬁrst LOK model is capable of representing the variability observed during the experiments. However
the bounds are too wide compared to the reality observed. In order to improve the quality of the prediction of the LOK
model, we now propose to update the initial set of basic LOKs.
3.5. Updating of the basic LOKs using experimental data
The approach which one uses to update a deterministic or stochastic ﬁnite element model using experimental informa-
tion can be extended to the modiﬁcation of the basic LOKs of the model in order to match the envelope of the model’s
response to that of the experimental response. In order to do that, let us consider the gaps between the lower and upper
bounds from both the experiments and the numerical model. Then, the key idea is to seek the basic LOKs which lead to the
minimum gap. This idea was already applied to LOKs of structural stiffnesses with quantities of interest such as eigenpul-
sations [19,20]. Here, the gap is calculated, in the least-squares sense, from 99%-probability bounds of the Ni quantities of
interest:
e2 =
Ni∑
ni=1
(
α+ni ,mod − α+ni ,exp
)2 + (α−ni ,mod − α−ni ,exp)2 (37)
First, the basic LOKs m+λ and m
−
λ are set to the same values. The basic LOKs which minimize the error introduced in (37)
are given in Table 4. This table shows that the lower bound obtained with the LOK model is very close to the experimental
lower bound, but after this ﬁrst updating the quality of the upper bound could not be improved. In fact, as shown in
Eqs. (36a) and (36b), the bounds obtained for each quantity of interest are globally symmetrical in the case of identical
basic LOKs. Since the experimental results are nonsymmetrical (see Table 2) this ﬁrst model cannot be used to represent
reality accurately.
Therefore, we now propose nonsymmetrical basic LOKs of the amplitudes of the torques. Fig. 5 shows the evolution of
the error e as a function of the two nonsymmetrical basic LOKs m−λ and m
+
λ . The results are improved by choosing the
optimum values for m−λ and m
+
λ . The envelope of the LOK model matches the experimental bounds very well (see Table 5).
This example shows the interest of the LOK modeling approach in order to take into account uncertainties concerning
applied forces: with the introduction of a very small number of internal variables through two LOKs for the amplitude and
one LOK for the direction of the excitation, we can guarantee that the ﬁnite element LOK model gives the best possible
representation of reality. Remarkably, this model does not require any assumption concerning the stochastic representation
of the uncertain forces in order to predict the structural response envelopes.8
Table 5
99%-probability bounds obtained after propagation and reduction of the basic LOKs (nonsymmetrical case); the updated LOKs are mZ = 0.0135, m−λ = 0.025
and m+λ = 0.0020; the associated error is e = 5.6× 10−3.
Quantity of interest Point M1 Point M2
u−z u+z u−z u+z
Bounds 4.89089× 10−4 5.12253× 10−4 4.53169× 10−4 4.74627× 10−4
u in % −4.1% +0.4% −4.1% +0.4%
Fig. 5. Error e as a function of the two basic LOKs m−λ and m
+
λ , with mZ = 0.0135.
4. Conclusion
In this article, we carried out a detailed analysis of the LOK theory as a solution to the validation problem. This original
approach consists in inserting internal variables into the model in the form of basic LOKs, then predicting the structural
response envelopes which contain the real responses. We presented an example which illustrates how this approach works
and what its capabilities are.
Experimental results can be taken into account in order to improve a ﬁrst LOK model. In order to do that, one introduces
a distance between the envelopes of the experiments and the LOK model, and the minimization of this distance leads to
the optimum set of basic LOKs.
Then, the validation is associated with the width of the envelope.
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